In this article, we present a method to approximate the solution of a fractional Ricatti equation based on the ABFD in the Caputo sense. The proposed method depends on the fractional operational matrix of the fractional derivative. We present two examples. The results show the agreement between the exact and the approximate solutions with different choices of γ . Form the numerical results; we see that the proposed method give accurate results.
Introduction
Fractional calculus is used to describe several problems in biology, physics, engineering, and applied mathematics. Fractional derivatives are investigated in two major ways: as local and nonlocal derivatives. There are several definitions for the local derivatives. These definitions are considered as a direct generalization of the ordinary derivatives; see [1, 2] . However, these definitions do not consider the history of the functions during computing the derivative. Other definitions are the nonlocal fractional derivatives such as the Caputo and ABFD definitions; see [3, 4] . The fractional Ricatti equation (FRE) is investigated based on different definitions of fractional derivatives. For example, see [5] [6] [7] . Akgul, et al., discussed several fractional problems using different methods such as the reproducing kernel Hilbert space method [8] [9] [10] [11] [12] [13] [14] [15] [16] , while Alquran, et al., used a fractional power series method [17] [18] [19] [20] [21] [22] [23] [24] . In this article, we consider the following class of equations:
2 (x) = ξ (x), x ∈ (0, 1), 0 < γ ≤ 1,
where u ∈ H 1 (0, 1), μ, ν, ξ are continuous functions on [0,1] We organize our paper as follows. In Sect. 2, we present the preliminaries which we used in this paper. Method of the solution is given in Sect. 3. Some numerical results are presented in Sect. 4 to show the efficiency of the proposed method. Finally, we draw some conclusions and closing remarks.
Preliminaries
We present the basic definitions and theorems which we use in this article.
in the Caputo sense of u of order γ is defined by
For simplicity, we choose B(γ ) = 1. The fractional integral is defined as follows.
Definition 2 ([4])
The fractional integral is given by
Proof See [2] .
The fractional Legendre polynomials are {FL r (x) : r = 0, 1, 2, . . .} which are defined by
where {L r (x) : r = 0, 1, 2, . . .} are the Legendre polynomials. Then
where
For the proof of these properties, see [6] .
Proof Simple calculations imply that
Thus,
Method of solution
We want to investigate the operational matrix of I γ . Define the set of k block pulse func-
Then
Multiply both sides by p s (x) then integrate from 0 to 1 to get
which implies that
and
Theorem 7 Let
where FP is a k × k matrix with
Proof For any r ∈ {0, 1, .
Thus from Eq. (14), we get
Hence, from Eq. (15), we get
Theorem 8 FP is an invertible matrix.
Proof From Theorem 7,
Hence,
From Eqs. (6) and (12), we have
Therefore,
Hence, FP is invertible.
Theorem 9 I γ FL(x) = Ψ FL(x) where
Proof Let
or
Let
Using Theorem 3, we get
Thus, Eq. (1) implies that
then
To solve Eq. (48), we use the collocation points
Then we solve the generated nonlinear system to find U using Mathematica.
Numerical results
We present two examples to show the efficiency of the proposed method.
Example 1 Consider the following problem:
The exact solution is
. . , p 6 (x)} be the set of block pulse functions on [0, 1) where
From Eq. (22), we have 
From Eqs. (23) and (24), we have 0.50
By Eq. (47), we get
Hence, we get the exact solution.
Example 2 Consider the following problem:
where Then the absolute errors for different choices of γ are given in Table 1 . The graph of the exact and the approximate solutions for γ = 0.3, 0.6, 0.9, and 0.99 are given in Fig. 1 .
Closing remarks
In this article, we present a method to approximate the solution of FRE based on the ABFD in Caputo sense. The numerical method is based on the fractional operational matrix of the fractional derivative. We present two examples. In the first example, we get the exact solution. In the second one, the absolute error is of order 10 -13 . Results are given in Table 1. Figure 1 presents the agreement between the exact and the approximate solutions in Example 2 for different choices of γ . From the numerical results, we see that the proposed method gives accurate results. It is advisable to use it for other nonlinear fractional differential equations.
